Abstract. In this paper, we present a characterization of optimal entanglement witnesses in terms of positive maps and then provide a general method of checking optimality of entanglement witnesses. Applying it, we obtain new indecomposable optimal witnesses which have no spanning property. These also provide new examples which support a recent conjecture saying that the so-called structural physical approximations to optimal positive maps (optimal entanglement witnesses) give entanglement breaking maps (separable states).
Introduction
Let H be a separable complex Hilbert space. Recall that a quantum state on H is a density operator ρ ∈ B(H) (the von Neumann algebra of all bounded linear operators) which is positive and has trace 1. Denote by S(H) the set of all states on H. If H and K are finite dimensional, a state in the bipartite composition system ρ ∈ S(H ⊗ K) is said to be separable if ρ can be written as ρ = k i=1 p i ρ i ⊗ σ i , where ρ i and σ i are states on H and K respectively, and p i are positive numbers with k i=1 p i = 1. For the case that at least one of H and K is of infinite dimension, a state ρ acting on H ⊗ K is called separable if it can be approximated in the trace norm by the states of the form σ = n i=1 p i ρ i ⊗ σ i , where ρ i and σ i are states on H and K respectively, and p i are positive numbers with n i=1 p i = 1. Otherwise, ρ is said to be inseparable or entangled (ref. [2, 17] ).
There was a considerable effort in constructing and analyzing the structure of entanglement witnesses for both finite and infinite dimensional systems [3, 19, 5, 13, 11] . However, complete characterization and classification of EWs is far from satisfactory.
Due to the Choi-Jamio lkowski isomorphism [4, 14] , a self-adjoint operator W ∈ B(H ⊗ K) with dim H ⊗ K < ∞ is an EW if and only if there exists a positive linear map which is not completely positive (NCP) Φ : B(H) → B(K) and a maximally entangled state P + ∈ B(H ⊗ H) such that W = W Φ = (I n ⊗ Φ)P + . Recall that a maximally entangled state is a pure state P + = |ψ + ψ + | with |ψ + = we always denote W Φ the Choi-Jamio lkowski matrix of Φ with respect to a given basis of H, that is W Φ = (Φ(E ij )), and we say that W Φ is the witness associated to the positive map Φ.
Conversely, for an entanglement witness W , we denote Φ W for the associated positive map so
For any entanglement witness W , let entanglement witness W is optimal if there exists no other witness finer than it. Obviously, a state ρ is entangled if and only if there is some optimal EW such that Tr(W ρ) < 0. In [16] , Lewenstein, Kraus, Cirac and Horodecki proved that: (1) W is an optimal entanglement witness if and only if W − Q is no longer an entanglement witness for arbitrary positive operator Q; (2) W is optimal if P W = {|e, f ∈ H ⊗ K : e, f |W |e, f = 0} spans the whole H ⊗ K (in this case, we say that W has spanning property). For the infinite dimensional version of these results, see [12] . To the best of the author's knowledge, the above criterion (2) is the only method we have known by now that is practical of checking optimality of witnesses. In fact, almost all known optimal EWs are checked by using of the criterion (2) (Ref. [6, 7] and the references therein). However, the criterion is only a sufficient condition.
There are known optimal witnesses that have no spanning property. 
It is well known that the associated entanglement witness W φ is optimal (by proving that φ is an extremal point of the convex set of all completely positive linear maps on M 3 ) and
Thus a natural question rises: Are there any other practical methods to detect the optimality of entanglement witnesses?
The purpose of this paper is to give a necessary and sufficient condition for an EW to be optimal in terms of positive maps. Based on this result, we give a general approach of how to check that an EW is optimal or not. This approach is practical. Applying it we show that the entanglement witnesses arising from the positive maps in [18] are indecomposable optimal witnesses. Moreover, these optimal EWs give new examples supporting a recent conjecture posed in [15] saying that the so-called structural physical approximations (SPA) to optimal positive maps (optimal EWs) give entanglement breaking maps (separable states).
Recall that an entanglement witness W is called decomposable if W = Q 1 + Q Γ 2 for some operators Q 1 , Q 2 ≥ 0, where Q Γ 2 stands for any one of Q 
Note that every linear map from B(H) into B(K) is an elementary operator if H and K are finite dimensional.
A characterization of the optimality of entanglement witnesses
In this section we first give a characterization of optimality of EWs in terms of positive elementary operators. Then, by using of the result, we develop a general approach how to check the optimality of entanglement witnesses.
Before stating the main results in this section, let us recall some notions and give a lemma from [9] .
Let l, k ∈ N (the set of all natural numbers), and let A 1 , · · · , A k , and C 1 , · · · , C l ∈ B(H, K). If, for each |ψ ∈ H, there exists an l × k complex matrix (α ij (|ψ )) (depending on |ψ ) such that
we say that (C 1 , · · · , C l ) is a locally linear combination of (A 1 , · · · , A k ), (α ij (|ψ )) is called a local coefficient matrix at |ψ . Furthermore, if a local coefficient matrix (α ij (|ψ )) can be chosen for every |ψ ∈ H so that its operator norm (α ij (|ψ )) ≤ 1, we say that (
is a contractive locally linear combination of (A 1 , · · · , A k ); if there is a matrix (α ij ) such that
The following characterization of positive elementary operators was obtained in [9] , also, see [10] .
Lemma 2.1. Let H and K be complex Hilbert spaces of any dimension, Φ : 
Since every linear map between matrix algebras is an elementary operator, and every hermitian preserving linear map is of the form 
is not a positive map, and hence the map
Then W Φ is optimal if and only if, for any operator C ∈ B(H, K) which is a contractive locally linear combination of
Proof. The "only if" part is clear by Theorem 2.2. For the "if" part, assume that C ∈ B(H, K) is not a contractive locally linear combination of
. By Lemma 2.1, the map Ψ defined by Ψ(X) = Φ(X) − CXC † is not positive. So, together with the hypotheses, we see that the map X → Φ(X) − CXC † is not a positive map for any C. Then, by Theorem 2.2, W Φ is an optimal EW. By Corollary 2.3, we provide a method of checking the optimality of an entanglement witness.
A general approach of checking optimality. Assume that dim H = n and dim K = m. Identify H and K as C n and C m , respectively. If W is an EW of the system H ⊗ K, then there exists some NCP positive linear map Φ :
To check the optimality of W , let C ∈ B(C n , C m ) be any operator such that C is a contractive locally
and the matrix
is contractive. Thus, W = W Φ is optimal if and only if, for any operator C, there exists some vector |x such that F (|x )F (|x ) † > 1 for all possible choice of coefficient matrices F (|x ).
This approach is very useful especially for those entanglement witnesses W with span(P W ) = H ⊗ K. In the next section, we will use this method to show that W Φ (n,k) (n ≥ 3 and k = 1, 2, . . . , n − 1) are indecomposable optimal entanglement witnesses if k = n 2 , where Φ (n,k) s are NCP positive maps constructed in [18] .
Optimality of some indecomposable entanglement witnesses
The following kind of NCP positive linear maps Φ (n,k) :
for every A ∈ M n , where n ≥ 3 and k = 1, 2, · · · , n − 1, E ij are the matrix units as usual and
Moreover, it was shown in [18] that Φ (n,k) is indecomposable whenever either n is odd or n is even but k = n 2 . For the case n = 3 and k = 2, one gets the Choi map φ = Φ (3,2) defined by Eq.(0.1). The purpose of this section is to show, by using of the approach provided in the previous section, that all W Φ (n,k) s are indecomposable optimal entanglement witnesses whenever k = n 2 ; while in the case n is even, W Φ (n, n 2 ) is decomposable and not optimal. The following lemma is obvious but useful to our purpose.
be the positive linear maps defined by Eq.(3.1). Then
(1) the entanglement witness W Φ (n,k) is indecomposable and optimal whenever k = n 2 ; (2) the entanglement witness W Φ (n, n 2 ) is decomposable and not optimal, in this case n ≥ 4 is an even integer.
Proof. We first prove the assertion (1). We give the details of proof for the maps Φ = Φ (n,1) . Other Φ (n,k) s are dealt with similarly whenever k = n 2 in the case that n is even. It is clear that W Φ is indecomposable as Φ is indecomposable by [18] . In the sequel we show that W Φ is also optimal by using of the approach presented in Section 2.
Take any C ∈ M n and let
By Corollary 2.3, we only need to consider the case that C is a contractive locally linear combination of
Since Φ is positive, by Theorem 2.1, for any |x = (x 1 , x 2 , . . . , x n ) T , there exist scalars
Consider the case that x i = 0 for all i. By Eq.(3.2), we get
, and so
Write |x = (|x 1 |e iθ 1 , |x 2 |e iθ 2 , · · · , |x n |e iθn ) T and let r i = |
For every j, write α j = a j + ib j with a j and b j real. Then the above equation reduces to
where n i=1 r i = 1 with r i > 0 for i = 1, 2, · · · , n. Now, for the given matrix C = (c ij ) ∈ M n , by the assumption, there exist some
(depending on |x ) such that
It follows that
for each i, which implies that
, and F > 1 if and only if F F † > 1. So, to prove that W Φ is optimal, we only need to check that F F † > 1 for some suitable |x and any choice of the coefficient matrix F = F x . 
Let g(t) = nt 2 − 2 √ n − 1t + 1. It is easily checked that g attains its minimum 1 n at the point t 0 = √ n−1 n . So f (α 1 , α 2 , · · · , α n ) ≥ 1 and attains its minimum 1 at the point (
Thus the best contractive coefficient matrix is
We may take x i = e iθ i for each i as r i = 1 for each i. Thus |x = (e iθ 1 , e iθ 2 , · · · , e iθn ) T , and, for such |x , Eq.(3.5) becomes
By Eqs.(3.6)-(3.7), one obtains (δ 1 , . . . , δ n , γ 1 , . . . , γ n ). Hence Ψ C is not positive by Lemma 2.1.
Case 2. Tr(C) = 0 and c ij = 0 for all 1 ≤ i = j ≤ n.
In this case, C = diag(c 11 , . . . , c nn ) with n i=1 c ii = 0, and, Eq.(3.4) implies
Notice that the function h(t) = (1+ (n − 1)r)t 2 − 2 √ n − 1rt + r achieves its minimum r 1+(n−1)r at t 0 = √ n−1r
1+(n−1)rn ). Together with Eq. (3.3) , we see that the coefficient matrix
attains the minimal norm for |x = (|x 1 |e iθ 1 , |x 2 |e iθ 2 , · · · , |x n |e iθn ) T with r i = |
For the given C = diag(c 11 , . . . , c nn ), write c ii = s i + it i . Let (δ 1 , . . . , δ n , γ 1 , . . . , γ n ) be the associated coefficients of C at the above vector |x . Write δ j in the form δ j = u j + iv j .
Consider the function f
. By Eq.(3.5), we have
(3.9)
Consider the function
A simple calculation shows that h C attains the minimum rs 2 1+(n−1)r at the point y 0 = √ n−1rs 1+(n−1)r . Thus, by Eq.(3.9), we get
Moreover, f C (δ 1 , δ 2 , · · · , δ n ) achieves its minimum at
and the associated coefficient matrix is
(3.10)
By Eq.(3.8) and (3.10), we get
Since n i=1 c ii = 0, there exists at least a number t i , say t n , such that t 1 + t 2 + · · · + t n−1 = −t n > 0 (or there exists at least one s i , say s n , such that s 1 + · · · + s n−1 = −s n > 0). Assume, without loss of generality, that t 0 = t 1 + t 2 + · · · + t n−1 = −t n > 0. Note that 
where µ = n−1 i=1 δ r i − δ rn and ν = n−1 i=1 δ r i t i + δ rn t 0 . Note that |µ| ≤ n and |ν| ≤ n i=1 |t i | ≤ n i=1 |c ii |. Thus, if we take ε so that
, then, by Eq.(3.14) we see that
It follows that, for those |x with r i ≥ N , i = 1, 2, . . . , n − 1, F F † > 1 for any possible choice of the coefficients. Hence Ψ C is again not positive. Now, by use of Corollary 2.3, W Φ is optimal, completing the proof of the assertion (1).
Next let us prove the assertion (2). Let n ≥ 4 be an even integer. One can check that, the entanglement witness W Φ (n, n 2 ) has the form W Φ (n, n 2 ) = P + Q T , where
2 ) is decomposable, and not optimal as P = 0. As a consequence, we see that the positive map Φ
The proof of Theorem 3.2 is finished.
Remark 3.3. We remark here that our W Φ (n,n−1) coincides with W (n,1) discussed in [1] , where the authors asked whether W (n,1) is optimal. Theorem 3.2 gives an affirmative answer to this problem. It is worth to noting that it was shown in [1] that W (n,1) has no spanning property, that is, spanP W (n,1) = C n ⊗ C n . In fact all W Φ (n,k) s have no spanning property.
Assume that |x ⊗ |y = (x 1 y 1 , x 2 y 1 , . . . , x n y 1 , x 1 y 2 , . . . , x n y n ) T is a product vector from C n ⊗ C n such that on which W Φ (n,k) has zero mean values, where |x = (x 1 , . . . , x n ) T and |y = (y 1 , . . . , y n ) T . If all y i are nonzero, then it is not too difficult to check that |x ⊗ |y has the form of
These states span a subspace
If y i = 0 for some i, then one may check that y j = 0 implies that x j = 0. This forces that ξ ii = x i y i = 0 and hence |x ⊗|y ∈ L. Therefore, L is in fact the subspace spanned by all product vectors on which W Φ (n,k) has zero mean values. As dim L = n 2 − n + 1 < n 2 , W Φ (n,k) has no spanning property.
Extending the set of witnesses which support the SPA conjecture
Now let us turn to another topic so-called structural physical approximation (SPA) [1, 15] . Recall that a completely positive map Φ is said to be entanglement breaking if I ⊗ Φ sends all states to separable states.
The following conjecture is posed in [15] . Here, Φ is said to be optimal if the corresponding entanglement witness W Φ is optimal.
Conjecture 4.1. Let Φ be an optimal (trace-preserving) positive map. Then its SPA is entanglement breaking map (channel).
Applying C-J isomorphism, one can define SPA of an entanglement witness: Let W be a normalized EW, i.e., Tr(W ) = 1. An operatorW (p) defined bỹ
is called structural physical approximation ( 
is non-normalized separable density matrix, we only need to prove that
Note that σ i,i+k stands for two-qubit matrix embedded in M n 2 and has positive partial transposition. So σ i,i+k is separable, which implies that σ is also separable. Therefore,W (n,k) (p * ) is a separable state, as desired.
Optimal entanglement witnesses for infinite dimensional systems
Based on the results in Section 3, we can obtain some optimal indecomposable entanglement witnesses for infinite dimensional systems.
Let H and K be separable infinite dimensional Hilbert spaces, and, for any positive integer n ≥ 3, let {|i } n i=1 and {|j ′ } n j=1 be any orthonormal sets of H and K, respectively. For each
for every A ∈ B(H), where
It is shown in [18] that,Φ (n,k) s are NCP positive linear maps.
Moreover,Φ (n,k) is indecomposable whenever k = n 2 . Let P + n = |ψ n ψ n |, where |ψ n = |11 + |22 + · · · + |nn , and let
ThenŴΦ (n,k) is an entanglement witness for the system living in H ⊗ K.
Theorem 5.1. Let H and K be infinite dimensional complex Hilbert spaces. For any positive integers n ≥ 3 and k, letΦ (n,k) andŴΦ (n,k) be the positive maps and the entanglement witnesses defined in Eq.(5.1) and Eq.(5.2), respectively.
(1)ŴΦ (n,k) is indecomposable and optimal whenever k = n 2 .
(2)ŴΦ (n, n 2 ) is decomposable and not optimal. Proof. (1) Assume that k = n 2 . Denote by P and Q the n-rank projection with range the subspace spanned by {|i } n i=1 and {|j ′ } n j=1 . Then we haveΦ (n,k) (A) = Q[Φ (n,k) (P AP )]Q holds for all A ∈ B(H).
By [12] , an entanglement witness W for an infinite dimensional system is optimal if and only if W − D can not be an entanglement witness anymore for any nonzero operator D ≥ 0.
So, ifŴΦ (n,k) is not optimal, then there exists a nonzero positive operatorD ∈ B(H ⊗ K) such thatŴΦ (n,k) −D is an entanglement witness. Note that (P × Q)ŴΦ (n,k) (P ⊗ Q) =ŴΦ (n,k) . ThenŴΦ (n,k) −D is an entanglement witness implies that, for any separable pure state
which forces that
for all l, h > n. SinceD ≥ 0, we see that
Observe thatŴΦ (n,k) | (P ⊗Q)(H⊗K) = W Φ (n,k) with W Φ (n,k) the same as that in Theorem 3.2. Denote by D =D| (P ⊗Q)(H⊗K) . ThenD = D ⊕ 0. Now, for any separable state σ ∈ S(P (H)⊗Q(K)), there exists a separable state σ ′ ∈ S(H ⊗K) with σ ′ = (P ⊗Q)σ ′ (P ⊗Q)
which means that W Φ (n,k) − D is an entanglement witness, contradicting to the fact that W Φ (n,k) is optimal. HenceŴΦ (n,k) is optimal, completing the proof of the statement (1).
The proof statement (2) is the same as that of (2) in Theorem 3.2.
Remark 5.2. By checking the proof of Theorem 5.1, one sees that the following general result is true: Let W be an entanglement witness on H ⊗ K. If there exist projections
It was asked in [18] whether or notΦ is decomposable.
Proof. Note that, for infinite dimensional systems, we have no one-to-one correspondence between the set of positive linear maps and the set of entanglement witnesses complemented by Choi-Jamio lkowski isomorphism. So, we can not get the decomposability ofΦ 
Conclusions
We present a characterization of optimal entanglement witnesses in terms of positive maps and provide a general approach of checking optimality of entanglement witnesses. This allows us to show that a kind of indecomposable entangled witnesses W Φ (n,k) corresponding to the positive maps Φ (n,k) : M n → M n with k = n 2 are optimal, where, for each n ≥ 3 and 1 ≤ k ≤ n − 1, Φ (n,k) is defined by Φ (n,k) (a ij ) = diag((n − 1)a 11 + a 1+k,1+k , (n − 1)a 22 + a 2+k,2+k , · · · , (n − 1)a nn + a kk ) − (a ij ).
The space spanned by all product vectors on which W Φ (n,k) has zero mean values is of dimension n 2 −n+1. So, in addition to the well-known indecomposable entanglement witness acting on M 3 ⊗ M 3 corresponding to the Choi map, we get much more indecomposable optimal EWs acting on M n ⊗ M n that have no spanning property. These also allow us to get new examples of indecomposable optimal EWs of infinite dimensional systems. Moreover, these optimal EWs give new examples supporting a recent SPA conjecture posed in [15] saying that the so-called structural physical approximations (SPA) to optimal positive maps (optimal EWs)
give entanglement breaking (EB) maps (separable states).
